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Effects of circulating energetic ions (CEIs) on the geodesic acoustic modes (GAMs) in
toroidally rotating tokamaks are theoretically analyzed utilizing the hybrid kinetic-fluid
model. The frequencies of GAMs in the presence of toroidal rotation and CEIs are derived
by first considering the rigid equilibrium condition. The unperturbed distribution function
of CEIs depends on the poloidal angle, eventually influencing the frequencies significantly.
The co-CEIs and counter-CEIs do not cancel each other in the balanced tangential neutral
beam injection (NBI) case and show destabilizing effect on the zonal flows. The accurate
mode frequency and the growth rate are presented.
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I. INTRODUCTION
The geodesic acoustic modes (GAMs) are basically electrostatic potential fluctuations with
finite radial wavenumber and naturally exist in tokamak plasmas[1, 2]. They play an important
role in moderating the plasma turbulence and turbulent transport by affecting the radial electric
field Er and resulting ~E × ~B poloidal flow[3–5]. There have been experimental observations [6, 7],
theoretical analyses [8, 9] and numerical simulation[10] on GAMs. As the high-frequency branch of
the zonal flows (ZFs), GAMs have the toroidal and poloidal symmetrical structures (m = n = 0)
and a typical frequency ω2G = c
2
s(2+q
−2)/R2 in a non-rotating system, where q is the safety factor,
R is the major radius of the tokamak, and cs = (γp/ρ)
1/2 is the sound speed with the plasma
thermal pressure p, density ρ, and adiabatic index γ.
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2GAMs can be significantly affected by the toroidal rotation flow (TRF)[11, 12], which gener-
ally exists in a tokamak plasma especially in the case with strong tangential injection of neutral
beams[13]. Owing to the significant applications to the ~E × ~B shear flow control of anomalous
transport and turbulence, the magnitude, radial profile, and evolution of the TRF are important
issues in ITER[14]. Similarly, the energetic particles (EPs) are becoming a key issue in tokamak
plasma physics as well[15]. EPs are shown to drive GAMs known as the energetic geodesic acoustic
modes (EGAMs), which have been theoretically predicted[16], experimentally observed[17], and
reported by a recent flux-driven 5D gyrokinetic simulation providing the direct evidence of the
impact on turbulent transport of EGAMs[18]. Because the radial inhomogeneity can lead to the
continuous spectrum of GAMs[19, 20], the nonlocal theory of EGAMs has been developed by tak-
ing into account the nonuniformity of EPs radial density profile in 20, 21. Albeit making a further
step, the poloidal distribution of EPs density profile has still not been considered. In a non-rotating
tokamak, the plasma pressure is poloidally symmetric as the function of magnetic flux. The EPs
are reasonable to be poloidally symmetric too but it is not true or at least misleading. The analysis
described here about the equilibrium shows that the pressure of EPs does depend on the poloidal
angle even if the TRF is absent from the equilibrium. Even more, the plasma pressure becomes
poloidally asymmetrical. The prerequisite is that in the hybrid kinetic-fluid model, the EPs affect
not only the perturbations but also the equilibrium for self-consistency. In this paper, we will show
that after considering the rigid equilibrium condition, the poloidal-angle dependence of EPs pres-
sure imposes significantly different effects from the poloidally symmetrical case. Furthermore, as
the two outcomes of the neutral beams injection (NBI), it is clearly of great interest to investigate
the interaction between TRF and EGAMs. Another motivation of the present study is concerned
with the limitation of 16 in which only a high safety factor case is considered. Here, it is shown
that there is a connection between TRF and GAMs induced by circulating energetic ions (CEIs). A
transparent analytical expression in the presence of TRF is derived to show how the CEIs affect the
frequencies of GAMs. The results are applicable to a large-aspect-ratio tokamak with an arbitrary
safety factor and a low β, and the flow speed is allowed to be on the order of the ion thermal speed.
3II. BASIC MODEL AND EQUILIBRIUM
The derivation begins with the hybrid kinetic-fluid model describing interaction between the
plasmas and energetic ions[15],
ρ
d~u
dt
= −∇p−∇ · p↔h + ~J × ~B, (1)
in which p↔h is the pressure tensor of the energetic ions with a Chew-Goldberger-Low form[22],
p↔h = p⊥ I
↔
+ (p‖ − p⊥)bˆbˆ. Other symbols have their usual meanings. We consider a large-aspect-
ratio tokamak plasma with a toroidal symmetric magnetic field ~B = I(ψ)∇ζ + ∇ζ × ∇ψ, and
work in the (r, θ, ζ) coordinate system, where ψ is the magnetic flux, ζ and θ are the toroidal
and poloidal angles, respectively. f0 denotes the equilibrium profile and δf the perturbed one
but the subscript is omitted and the equilibrium magnetic field is referred to by ~B directly. The
equilibrium condition is discussed first since the poloidal dependence of the equilibrium profiles is
of great importance to derive the dispersion relation of EGAMs. From the equation above, one
finds
∇‖(p0 + p‖0)−
∆p0
B
∇‖B − ρ0ω2TR∇‖R = 0, (2a)
∇‖(p0 + p⊥0) +
∆p0
B
∇‖B − ρ0ω2TR∇‖R = 0, (2b)
in which ∇‖ stands for I(∂ζ + q−1∂θ)/(BR2), ωT = ωT (ψ) is the toroidally rotational frequency,
and ∆p0 is short for p‖0 − p⊥0. Combining the two equations yields ∇‖(B−2∆p0) = 0, indicating
that the equilibrium pressure of energetic ions is isotropic, or else it depends on the poloidal angle,
in turn, ∆p0 ∝ R−2. To find how the pressures depend on the poloidal angle, specifical assumption
is needed. If we suppose ∇‖p0 = ρ0ω2TR∇‖R as in the case without EPs, the anisotropic pressures
have the following form:
p‖0 =
D(ψ) +A(ψ)B2
2
, (3a)
p⊥0 =
D(ψ)−A(ψ)B2
2
. (3b)
This case means different poloidal distribution of the parallel and cross-field pressures, or more
exactly, ∂θp‖0 = −∂θp⊥0, and requires non-zero p⊥0. On the other hand, if we assume that both of
the parallel and perpendicular temperatures of EPs are functions of ψ, p‖0 and p⊥0 will have the
same dependence on the poloidal angle, leading to p⊥0 = η(ψ)p‖0(η 6= 1), and eventually
p‖0 =
〈p‖0〉
〈B2〉B
2, (4a)
4∇‖p0 = −
√
g
qR2
Kθg11ρ0c2s(M2T + 2Y ), (4b)
∇‖ρ0 = −γρ0(M2T + 2Y )
√
g
qR2
Kθg11, (4c)
where 〈〉 means the magnetic surface average, Y denotes p‖0+p⊥0
2γp0
, MT = ωTR/cs is the Mach
number, Kθ = qR
2
Bg11
√
g
∇‖B is the geodesic component of the magnetic field curvature with √g =
(∇r×∇θ·∇ζ)−1 and g11 = ∇r·∇r. To derive the plasma density, the plasma thermal temperature is
assumed to be the function of magnetic surface. In order to describe the CEIs, we just need assume
η ≃ 0 for the equilibrium in Eq. (4) and accordingly, ∂θp‖0 = 2p‖0ǫ sin θ. As for the distribution
of Eq. (3), p⊥0 ∼ ǫp‖0 is fulfilled by letting D(ψ) ∼ A(ψ)B2 and as a result, ∂θp‖0 ≃ p‖0ǫ sin θ.
Meanwhile, one should let Y = 0 in Eqs. (4b) and (4c) for self-consistency. Since the two equations
describe three parameters, solutions (3) and (4) are just two of the infinite ones. From the physical
aspect, condition (4) is more reliable than (3). Hence in the following discussion, only Eq. (4) is
taken into account.
III. DISPERSION RELATION
Strictly speaking, the Lagrangian perturbation ~ξ determines the perturbed velocity as δ~u =
∂t~ξ + ~u0 · ∇~ξ − ~ξ · ∇~u0 with ~u0 = ωTR2∇ζ. The expressions of δρ, δp, and δ ~B can be simplified
whereas the motion equation becomes complicated[12]. Here, we introduce δ~u = ∂t~ξ to simplify
the calculation and assume ξ ∝ e−iωt. Hence, δρ = −~ξ · ∇ρ0 − ρ0∇ · ~ξ and δp = −γp0∇ ·
~ξ − ~ξ · ∇p0 by restricting ourselves to the toroidal symmetric perturbations with n = 0. An
arbitrary vector is expanded as ~S = Sr∇r + Sθ~b×∇r + S‖~b. The perturbed pressure of energetic
ions is δp↔h = δp⊥ I
↔
+ (δp‖ − δp⊥)~b~b + ∆p0(~bδ~b + δ~b~b). In order to find the dispersion relation,
ξr ∼ ǫξθ/(krr) is assumed for GAMs possessing a local structure oriented the radial direction on
the supposition of krr & ǫ
−1, where kr = −i∂r is the radial wavenumber and ǫ = r/R ≪ 1.
δBr is simultaneously neglected since δBr = B(g
11)−1∇‖(g11ξr). The parallel displacement ξ‖ is
removed in 16 limited to the framework of high safety factor but is kept here as well as the poloidal
displacement ξθ. δp + δp⊥ + BδB‖ ≃ 0 is satisfied to eliminate the fast magnetoacoustic waves.
Under the circular cross-section approximation, R = R0(1 + ǫ cos θ), and supposing f =
∑
fme
imθ
(f denotes ξθ, δp‖, δp⊥), one obtains
Lmξθm + Tm±1ξm±2 + G{δp‖m±1, δp⊥m±1} = 0. (5)
5Lm ∼ β−1 for nonzerom and ∼ O(1) form = 0, whereas T and G both are of order unit. Therefore,
the harmonics coupling between ξθ0 and ξθ±2 can be cut off under the low-β condition[23] with
β = γp0µ0/B
2
∼ ǫ2 and βh = phµ0/B
2 . ǫ, leading to the dispersion relation of GAMs as
L0ξθ0 + G{δp‖±1, δp⊥±1} = 0, or in the obvious notations
Ω4 − Ω2
[
Ω2G + 2Y + 4M
2
T +
γ
2
M2T (M
2
T + 2Y )
]
+
M2T
2q2
(γ − 1)(M2T + 2Y )
−
[
Hs,t
(
Ω2 − 1
q2
)
+Hs
2 +M2T
q2
+Hc
2MT
q
Ω
]
= 0. (6)
Here, Hs = R〈sin θδp‖〉/(γp0ξθ0), Hs,t = R〈sin θ(δp‖ + δp⊥)〉/(γp0ξθ0), and Hc =
iR〈cos θδp‖〉/(γp0ξθ0). Ω = ωR/cs is the normalized frequency and ΩG = ωGR/cs is the nor-
malized frequency of GAMs in a non-rotating tokamak. For MT = 0 and q ≫ 1, the dispersion
reduces to Ω2− 2−Hs,t = 0, retrieving the relation reported in 16 only when Y is also assumed to
be zero. It is noted that the effects of EPs can be divided into two parts. The one represented by
Y is related to the equilibrium setting, leading to the poloidal dependence of plasma unperturbed
pressure, and the other is induced by the perturbed EPs pressure, represented by Hs,t, Hs, and
Hc. It should be pointed out that the poloidal dependence of EPs equilibrium pressure is not
considered in 16, leading to the absence of Y is the dispersion relation. Furthermore, the cosine
harmonic component of the perturbed parallel pressure plays no role in the absence of TRF.
The perturbed distribution function of the energetic ions is determined by the gyrokinetic
equations ignoring the finite-Larmor-radius effect[15]
δFh = (∂Fh0/∂U)eδΦ + δHh,
(~V0 · ∇ − iω)δHh = ieQh(δΦ − v‖δA‖), (7)
where Fh0 and δFh are the equilibrium and perturbed distribution functions of energetic ions,
respectively, δΦ is the perturbed electrostatic potential, e is the charge, mh is the mass, δA‖ is the
parallel component of the perturbed magnetic vector, Qh = ω∂Fh0/∂U + ~k ×~b · ∇Fh0/(eB), ~V0 =
v‖~b+~vD0, and ~vD0 is the zeroth-order drift velocity defined as ~vD0 = ~vE0+Ω−1ch~b×(µm−1∇B0+v2‖ ~K)
with Ωch = eB/mh. In a toroidally rotating tokamak, the unperturbed electrostatic potential is
Φ = Φ0 + Φ1 with Φ0(ψ) = −
∫
ωTdψ + C and Φ1(ψ, θ) = miω
2
T/[2e(1 + Ti/Te)](R
2 − 〈R2〉)[24].
The 0th-order ~E× ~B drift is therefore ~vE0 = − IωTB ~b+ωTR2∇ζ, which is the dominant drift for ions
in plasmas. Owing to the neoclassical constraints, the ions fluid velocity ~V0 should be ωTR
2∇ζ[2]
requiring v‖ = v′‖+IωT/B with v
′
‖ being the ions parallel velocity in the framework moving with the
fluid velocity IωT/B. Let us lay aside the constraint for energetic ions by adopting ~V0 = v‖~b+~vD0
6and ∇B ≃ ~KB, ~vD0 = ~vE0 + [(v2‖ + v2⊥/2)/Ωch]~b × ~K with perpendicular velocity v⊥ and parallel
one v‖. The particle energy is U = mhv2/2 + e(Φ0 + Φ1). The perturbed vector potential is
δA‖ ≃ −i∇‖δΦ/ω. In a low-β plasma, it suffices to consider pure electrostatic perturbation,
δΦ ≃ δΦ0(ψ) + ǫ2δΦ1(θ, ψ) and ξθ0 = −(kr/ωB)δΦ to the leading order. The key point is how
to deal with Qh. It is noted that Qh = ω∂Fh0/∂U − (reB)−1kr∂θFh0, so Qh ≃ ω∂Fh0/∂U when
letting ∂θFh0 = 0. According to the equilibrium condition (4) and in view of p‖0 =
∫
mhv
2
‖Fh0d
3v,
we can assume Qh ≃ ω ∂Fh0∂U −αN sin θ with N = 2krFh0eBR , where a tag α is plugged in additionally to
trace the poloidal-angle-dependence effect. α = 0, 1 means disregarding the poloidal dependence
and taking into account the poloidal dependence effect related to the equilibrium condition (4),
respectively. The gyrokinetic equation becomes
∂θδHh − ind sin θδHh − vd
ωtr
cos θ∂θδHh − i ω
ωt
δHh
= ie
ω
ωt
∂Fh0
∂U
− ieαN
ωt
sin θδΦ, (8)
in which vd = (v
2
‖ + v
2
⊥/2)/(RΩch), nd stands for krvd/ωt and ωt is shorten for q
−1(v‖R−1 − ωT ).
Regarding the circulating energetic ions (CEIs) by assuming vd/(ωtr) ≪ 1 and ω/ωt ≪ 1[25] and
using transform δHh =
αN
ndωt
eδΦ+ e−ind cos θ(C(ψ) + δg) with δg ≪ C(ψ), we obtain the perturbed
distribution function
δFh =
e
ω
Q∗hδΦ + e
−ind cos θ(C(ψ) + δg),
δg =
e
ωt
Q∗hδΦ
∑
m′ 6=0
im
′
Jm′(nd)
m′
eim
′θ
− ivdnd
4ωtr
cos(2θ)C(ψ), (9)
in which C(ψ) = − eωQ∗hδΦJ0(nd), Jn(nd) is the nth-order Bessel function, and Q∗h is shorten for
ω ∂Fh0∂U + α
ωN
krvd
. Using the perturbed distribution function and δp‖ =
∫
mhv
2
‖δFhd
3v, we obtain
Hs =
e2B2R2
γp0k2r
ω
∫
d3v[1− J20 (nd)]Q∗h,
Hc =
ΩchR
γp0kr
m2h
∫
d3vv2‖Q
∗
hJ0(nd)J1(nd), (10)
and Hs,t ≃ Hs for the CEIs.
The distribution function of the slowing beam ions is presumed to be
F σh0 =
pσh(r, θ)m
3/2
h
23/2πBEσ0
δ(λ)H(Eσ0 − E)
1
E3/2 + (Eσc )
3/2
(11)
7with Fh0 =
∑
σ
F σh0, where
∑
σ
denotes summation for σ defined as v‖/|v‖| (σ = 1 for the co-
CEIs, and σ = −1 for the counter-CEIs)[26], pσh =
∫
d3v2EF σh0 is the pressure of each beam,
E = U − eφ0 is the kinetic energy of the CEIs, Eσ0 is the inertial energy and Eσc is the critical
energy of the slowing beam ions. Adopting ωt ≃ v‖/(qR) and U ≃ E for the CEIs and with the
aid of
∫
d3v =
√
2πBm
−3/2
h
∫
dλdEE1/2(1 − λB)−1/2, the following two dimensionless parameters
Hs = Hs/Ω
2 and Hc = Hc/Ω are derived,
Hs = 2
∑
σ
β
σ
c2s
k2rΩ
2
ch(ρ
σ
h0)
4
[ ∫ nσ
d0
0
dnd
1− J20 (nd)
n3d + (n
σ
dc)
3
(nσd0)
2
(
2α− 3n
3
d
n3d + (n
σ
dc)
3
)
− 1− J
2
0 (n
σ
d0)
(nσd0)
3 + (nσdc)
3
(nσd0)
3
]
,
Hc = 2
∑
σ
σβ
σ
cs
krΩch(ρ
σ
h0)
2
[ ∫ nσ
d0
0
dnd
J0(nd)J1(nd)n
2
d
n3d + (n
σ
dc)
3
(
2α− 3n
3
d
n3d + (n
σ
dc)
3
)
− J0(n
σ
d0)J1(n
σ
d0)(n
σ
d0)
3
(nσd0)
3 + (nσdc)
3
]
, (12)
in which β
σ
= pσh(r, θ)/(γp0) is the ratio of energetic particles beam pressure to the plasma thermal
pressure and ρσh = Ω
−1
ch
√
2E/mh is the drift orbit radius of CEIs with kinetic energy E. When
letting α = 0, that is, neglecting the dependence on poloidal angle of CEIs, to ignore Hc compared
to Hs, small even zero Mach number and large safety factor are two alternative choices as shown
in 16, which considered both trapped and untrapped ions while Hs here is generated only from
the CEIs. Now the CEIs pressure is not limited to be much less than the plasma thermal pressure.
The α−dependent terms are contributed by the dependence of Fh0 on the poloidal angle and other
terms produced by ω∂Fh0/∂U .
Substituting Eq. (12) into the dispersion relation (6), we obtain a quadratic equation of Ω2
depicting the GAMs in a toroidally rotating tokamak in the presence of circulating energetic slowing
beam ions. The two solutions of Eq. (6) are related to the high-frequency GAM branch and low-
frequency zonal flow (LFZF) branch as
Ω2GAM,LFZF =M0 ± (M20 −M1)1/2,
M0 =
Ω2G + 2Y + 4M
2
T +
γ
2
M2T (M
2
T + 2Y ) +
1+M2
T
q2 Hs + 2
MT
q Hc
2(1−Hs)
,
M1 = M
2
T (γ − 1)
2q2(1−Hs)
(M2T + 2Y ). (13)
8IV. DISCUSSION
In this section, we will present some discuss about the dispersion relation (13). We first let
Y = 0 to ignore the effect induced by the presence of CEIs on the plasma equilibrium pressure.
The dispersion relation (13) shows that the CEIs do not induce a LFZF but a GAM since the
LFZF vanishes when zeroing MT . As aforementioned after Eq. (6) in the special case of q ≫ 1
without TRF, the q−dependent terms are all omitted to recover the result of 16. In the presence
of TRF, Ω2LFZF = M
4
T (γ − 1)q−2/(4 + 8M2T + γM4T ), implying that the CEIs have no impact on
the LFZF, and Ω2GAM = (4 + 8M
2
T + γM
4
T )/[2(1 − Hs)], indicating that a positive Hs amplifies
the frequency of GAM while a negative one decreases it. For slow rotation, MT ≪ 1 and the
GAM goes to Ω2GAM = (Ω
2
G + Hs/q
2)/(1 − Hs). The LFZF is expanded to the lowest order as
Ω2LFZF = M
4
T (γ − 1)/[4q2 + 2(1 +Hs)]. Hs shows the same effect on the GAMs as in the case of
q ≫ 1 and Hc shows no influence. In contrary to the GAM, the frequency of LFZF is diminished
by positive Hs. The terms in the brackets of Hs is defined as I
σ
s and of Hc as I
σ
c according to
(12). For the balanced tangential NBI case with n+d0,dc = n
−
d0,dc, there is I
+
s = I
−
s and I
+
c = I
−
c .
Hence on account of zero poloidal wave number of GAMs, the co-CEIs and the counter-CEIs do
not cancel each other even in the balanced tangential NBI case[26], in which Hs is doubled while
Hc = 0. Now we are restricted to the balanced NBI case for simplicity of discussion and focus on
Hs.
There exist three critical points for Hs, H
c1
s = 1 determined byM0 =∞ and Hc+s and Hc−s by
M20 = M1. In the absence of rotation, Hc±s reduces to −(1 + 2q2 + 2Y q2). In the following four
cases, the CEIs show different effects on the GAMs.
1. For Hs > H
c1
s , an instability occurs as numerically shown in 16. Since bothM0 andM1 are
negative, the GAM keeps stable with a small frequency ΩGAM whereas the LFZF becomes a
pure instability with a large growth rate [(M20−M1)−M0]1/2. For a non-rotating tokamak,
the GAM disappears and the growth rate of LFZF reduces to [(Ω2G+2Y +Hsq
−2)/(Hs−1)]1/2.
The destabilizing effect of CEIs turns a stable mode into a pure instability with Re(Ω) = 0
while an stable oscillation mode exists simultaneously with very small frequency. These
results are consistent with the experimental observations in DIII-D[16, 17].
2. For H
c+
s < Hs < H
c1
s , both M0 and M1 are positive and M20 > M1, and thus the GAM
and LFZF are stable and ΩGAM is larger than ΩLFZF. Classical GAMs occur in this region.
3. For H
c−
s < Hs < H
c+
s , M20 − M1 is negative, yielding two overinstabilities with Ω =
9(
√M1+M0
2
)1/2 ± i(
√M1−M0
2
)1/2. One mode is damped and the other is unstable with small
oscillation frequency and growth rate. In the non-rotating tokamak, this low-frequency
unstable mode does not exist.
4. For Hs < H
c−
s , M0 < 0 and M20 −M1 > 0, the GAM is a pure instability with a smaller
growth rates [−M0 − (M20 −M1)1/2]1/2 and the LFZF with a larger growth rate [−M0 +
(M20 −M1)1/2]1/2.
A critical β
σ
cri1 corresponds to H
c1
s . For β
σ
> β
σ
cri1, Case 1 occurs. For negative Hs, the critical
β
σ
cri2 is determined by H
c−
s . When β
σ
> β
σ
cri2, Case 4 comes into being. It is noted that for
α = 0, Hs is always negative, implying that the CEIs play stabilizing effect on the GAMs until
Hs becomes smaller than H
c−
s . This ordering relation required by Case 4 is hard to satisfy when
the safety factor is not too much small. When the safety factor is on the order of unit, the CEIs
can induce instabilities in the absence of poloidal dependence of CEIs pressure. While for α = 1,
the sign of Hs depends on the critical energy of the slowing beams as shown in Fig. 1. That is,
Hs can be positive and even become compared to unit, leading to Case 1. It is concluded that the
poloidal dependence of CEIs dramatically decreases the critical value of β
σ
corresponding to an
instability and shows destabilizing effect on the GAMs.
0 2 4 6 8 10
-2
-1
0
1
2
I s
nd0
   = 0, ndc = 3
   = 1, ndc = 3
   = 0, ndc = 1
   = 1, ndc = 1
FIG. 1: The dependence of Iσ
s
on nσ
d0
is illustrated by
assuming nσ
dc
= 3 and 1, respectively. Without the
poloidal dependence, Iσ
s
decreases as nσ
d0
grows. By
considering the poloidal dependence, Iσ
s
has different
performance with different nσ
dc
.
When taking into account the rigid equilibrium condition (4), Y and Hs can not be treated
as independent from each other since in the balanced NBI case, there is Y = β
σ
and Hs = χβ
σ
.
The coefficient χ is determined by Eq. (12). For a balanced NBI case in tokamaks by adopting
10
the following main parameters, E0 = 200kev, B ≃ 5T, Te ≃ Ti ∼ 5kev, Ec ≃ 29.6Te ≃ 148kev,
q ≃ 2.5, and kr ≃ 102m−1, we find nσdc ≃ 3.93, nσd0 ≃ 4.57, and then Hs|α=0 = −0.11β
σ
and
Hs|α=1 = 0.05βσ. Generally, one has χ . 1. Letting MT = 0 for simplicity, the dispersion relation
is reduced to
Ω2GAM =
Ω2G + (2 + q
−2χ)βσ
1− χβσ , (14)
indicating that only Case 1 and Case 2 can come into being and an instability takes place provided
that β
σ
> χ−1. The frequency of GAM is remarkably enlarged by Y . For Y ∼ 1, Hs is smaller
than unit, so that the GAM is stable, which is different from the result in Ref. [16] where the
trapped EPs are also considered. Fig. 2 illustrates the dependence of GAM on β
σ
in four different
cases: α = 0 with Y = 0, i.e., neglecting the poloidal dependence effect, α = 0 with Y = β
σ
, i.e.,
disregarding the poloidal dependence effect in the gyro-kinetic equation but taking into account
Eqs. (4b) and (4c), α = 1 with Y = β
σ
, i.e., considering the rigid equilibrium condition (4), and
α = 1 and Y = 0, i.e., keeping the asymmetrical effect in the gyro-kinetic equation while ignoring
Eqs. (4b) and (4c). Furthermore, the CEIs may have different forms of distribution function,
leading to different specific expressions for Hs and Hc. Back to Eq. (10), one can get the wieldy
solutions after recalculating Q∗h by an appropriate Fh0.
V. CONCLUSION
In conclusion, the theory of effects induced by circulating energetic ions (CEIs) on the geodesic
acoustic modes (GAMs) in a toroidally rotating tokamak with a large-aspect-ratio is developed
based on the hybrid kinetic-fluid model. Gyrokinetic equations in the absence of finite-Larmor-
radius effect are adopted to derive the perturbed distribution function. The dispersion relation, a
quadratic equation about Ω2, is presented analytically in (13). Effects of the CEIs are represented
by three dimensionless parameters, Y , Hs and Hc. In a non-rotating tokamak, the plasma pressure
is just the function of ψ. The equilibrium condition (2) indicates that the presence of anisotropic
CEIs significantly changes the spacial distribution of the plasma pressure, which depends on the
poloidal angle now. This effect on the dispersion relation is represented by Y . On the other hand,
Hs and Hc are introduced by the perturbed CEIs pressure and depend on βh, the inertial and
critical energy of the CEIs. For the balanced NBI case with β
+
= β
−
, the effects of CEIs on
the GAMs are mainly represented by Y and Hs since Hc = 0. The co-CEIs and counter-CEIs
impose similar influence on the zonal flows and do not cancel each other. It is shown that Hs is
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FIG. 2: The GAM frequency versus β
σ
is displayed
for different cases: α = 1 and Y = β
σ
(solid), α = 1
and Y = 0 (dashed), α = 0 and Y = β
σ
(dotted),
and α = 0 and Y = 0 (dash-dotted) with MT = 0.2,
respectively. The starting point is responsible for the
classical GAM frequency. As β
σ
grows larger than
β
σ
cri1
(is about 20 by adopting the parameters above),
the frequency of GAM is extremely diminished and
the LFZF becomes an instability with a large growth
rate.
also remarkably affected by the dependence of the equilibrium distribution function of CEIs on the
poloidal angle. The details are transparently shown in Figs. 1 and 2. The critical βh responsible
for an instability and the growth rate are transparently presented. The effect of CEIs on the GAMs
shows striking difference between the poloidally symmetric and non-symmetric cases. The results
reported here are relevant to the energetic particles generated by the NBI.
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